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FINITE P-CENTRAL GROUPS OF HEIGHT K
J. GONZA´LEZ-SA´NCHEZ AND T. S. WEIGEL
Abstract. A finite group G is called pi-central of height k if every element of
order pi of G is contained in the kth-term ζk(G) of the ascending central series
of G. If p is odd such a group has to be p-nilpotent (Thm. A). Finite p-central
p-groups of height p − 2 can be seen as the dual analogue of finite potent p-
groups, i.e., for such a finite p-group P the group P/Ω1(P ) is also p-central of
height p− 2 (Thm. B). In such a group P the index of P p is less or equal than
the order of the subgroup Ω1(P ) (Thm. C). If the Sylow p-subgroup P of a
finite group G is p-central of height p − 1, p odd, and NG(P ) is p-nilpotent,
then G is also p-nilpotent (Thm. D). Moreover, if G is a p-soluble finite group,
p odd, and P ∈ Sylp(G) is p-central of height p − 2, then NG(P ) controls
p-fusion in G (Thm. E). It is well-known that the last two properties hold for
Swan groups (see [11]).
1. Introduction
Let p be a prime number. Following a suggestion of A. Mann1 we call a finite
group G p-central if every element of order p is central in G, i.e., let
(1.1) Ωi(G, p) = 〈 g ∈ G | g
pi = 1 〉, i ≥ 0;
then G is p-central if, and only if, Ω1(G, p) ≤ Z(G). For a finite p-group P we put
Ωi(P ) = Ωi(P, p). Obviously, subgroups of p-central groups are p-central.
Powerful finite p-groups play an important role in the study of compact p-adic
analytic groups (see [6, §3]). For finite p-central p-groups the notion of p-centrality
is the dual analogue of being powerful provided p is odd. Although one must say
that p-centrality plays a less important role in the study of pro-p groups, finite
p-central groups are quite often the most important examples when it comes to
explicit computations in cohomology or homotopy of classifying spaces of finite
groups (see for example [3], [11, Thm. 1.7], [23]).
In this note we study a more general class of finite groups. For i, k ≥ 1 we say
that a finite group G is pi-central of height k if Ωi(G, p) ≤ ζk(G), where ζk(G)
denotes the kth-term of the ascending central series of G. In particular, if G is a
finite pi-central group of height k, then Ωi(G, p) is a p-group. If G is a p
i-central
group of height 1 we simply call G pi-central. For odd primes p one can restrict the
analysis of finite p-central groups to the study of p-central p-groups (see §3.5).
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Theorem A. Let p be odd, and let G be a finite p-central group of height k ≥ 1.
Then G is p-nilpotent, i.e., if P ∈ Sylp(G) is a Sylow p-subgroup of G, then P has
a normal complement in G.
For p-central finite groups Theorem A was already proved in [23, Thm. 2.4].
Example 1.1. For an odd prime number r the finite group G = SL2(r) is 2-central.
Hence Theorem A does not hold for p = 2.
The first remarkable result for finite p-central p-groups is the fact that for a
finite p-central p-group P , p odd, P/Ωi(P ) is also p-central, i.e., (Ωi(P ))i≥1 is an
ascending central series of P . In this form one can find this result in a paper by
J. Buckley (see [4]). However, in his first book which appeared three years earlier
B. Huppert cited an unpublished result of J. G. Thompson (see [12, Hilfssatz 12.2])
reproducing a proof he is giving credit to N. Blackburn which is also implying the
just mentioned statement. For this reason we refer to this result as the Blackburn-
Buckley-Thompson theorem. For p = 2 it remains true if one requires that Ω2(P )
is contained in the center of P (see [15]). In Section 2.2 we will prove the following
generalization.
Theorem B. Let k and i be positive integers such that k ≤ p− 2 or k = p− 1 and
i ≥ 2. Let P be a pi-central pro-p group of height k such that the torsion elements
of P form a finite p-group. Then, for all j ≥ 1, P/Ωj(P ) is also a p
i-central pro-p
group of height k. Moreover
(1.2) Ωj(P ) = {x ∈ P | x
pj = 1}.
Some families of finite p-groups - like powerful or regular groups - have a nice
power structure. In particular, the index of the agemo subgroup (the subgroup
being generated by the p-powers or, simply, P p) is equal to the number of elements
of order p (see [7], [10]). For an arbitrary finite p-group P the index |P : P p|
is bounded in terms of p and |Ω1(P )|, i.e., there exist a function f such that
|P : P p| ≤ f(p, |Ω1(P )|) (see [9], [16]). In a finite p-central p-group P of height
p−2 the index of the agemo subgroup is bounded just by the cardinality of |Ω1(P )|
(see §2.3).
Theorem C. Let k, i be positive integers such that k ≤ p − 2 or k = p − 1 and
i ≥ 2, and let P be a pi-central p-group of height k. Then
(1.3) |P : P p| ≤ |Ω1(P )|.
Moreover, if P p = {xp | x ∈ P}, then equality holds in (1.3).
In [11], S. Priddy and H-W. Henn showed that a finite p-central p-group P , p
odd2, is a Swan group, i.e., if G is a finite group containing P as Sylow p-subgroup,
then the restriction map in cohomology
(1.4) resGNG(P ) : H
•(G,Fp) −→ H
•(NG(P ),Fp)
is an isomorphism of N0-graded, connected, anti-commutative Fp-algebras. As
pointed out by J. The´venaz in [21] a finite p-group P is a Swan group if, and
only if, NG(P ) controls p-fusion in G for all finite groups G with P ∈ Sylp(G). This
property of p-central groups seems to be very particular, and one cannot expect
that it holds in a much more general context (see Ex. 1.2). Nevertheless, there are
two weaker properties which also hold for p-central groups of small height.
2For p = 2 one has to require that (Ωi(P ))i≥1 is an ascending central series.
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Example 1.2. Let p ≥ 5, n ≥ 2 and put G = SL2(Z/p
n.Z). Then P ∈ Sylp(G) is
p-central of height 3, but NG(P ) does not control p-fusion in G. Hence, by [17], P
is not a Swan group.
A finite p-group P will be called to determine p-nilpotency locally if the following
holds: Let G be a finite group containing P as Sylow p-subgroup such that NG(P )
is p-nilpotent. Then G is also p-nilpotent. From J. Tate’s nilpotency criterion (see
[20]) it follows that Swan groups determine p-nilpotency locally. For finite p-central
p-groups of small height we will show the following (see §4).
Theorem D. Let p be odd, and let P be a finite p-central p-group of height p− 1.
Then P determines p-nilpotency locally.
Finite p-central p-groups of small height possess a ‘Swan group like’ property
which concerns their embeddings into p-soluble groups. For simplicity we say that a
p-soluble group G is a p′pp′-sandwich group, if Op(G/Op′(G)) is a Sylow p-subgroup
of G/Op′(G). In Section 5.2 we will show the following.
Theorem E. Let p be odd, and let G be a finite p-soluble group containing a p-
central Sylow p-subgroup P of height p− 2. Then G is a p′pp′-sandwich group. In
particular, NG(P ) controls p-fusion in G.
The mod p cohomology ring H•(G) = H•(G,Fp) of a finite p-central group G is
much easier to analyze than for an arbitrary finite group. In [3], C. Broto and H-
W. Henn showed that H•(G) is Cohen-Macaulay. Thus by a result of D. J. Benson
and J. F. Carlson (see [2]) its Hilbert series
(1.5) hG(t) =
∑
k∈N0
dimFp(H
k(G)).tk
satisfies some functional equation. In case that p is odd and G satisfies some addi-
tional property - the Ω1-extension property (see Remark 2.5) - one can determine
the Fp-algebra structure of H
•(G) explicitly modulo some finite-dimensional Fp-
algebra which satisfies Poincare´ duality (see [23]).
A finite p-central p-group P of height 2 may have maximal elementary abelian
subgroups of different order, and thus, its mod p-cohomology ring will not be Cohen-
Macaulay (see [2]). In order to know whether one can extend the result of C. Broto
and H-W. Henn to p-central p-groups of height p − 2, it would be interesting to
investigate the following question.
Question F. Let p be odd, and let P be a finite p-central p-group of height p− 2
such that Ωk(P )/Ωk−1(P ) is abelian for all k ≥ 1. Is H
•(P ) Cohen-Macaulay?
Acknowledgement. The authors would like to thank A. E. Zalesskii for some
very helpful discussions.
Notations and basic definitions. We use the standard notations in group theory.
Multiple commutators will always supposed to be left normed. We simply write
[N,(k)M ] for the commutator [N,M, . . . ,M ] with M appearing k-times. By G
pj
we denote the (closed) subgroup of the (topological) group G which is (topologi-
cally) generated by the pj-powers of G; Ωi(G, p) will denote the (closed) subgroup
generated by the elements of order less or equal to pi. For a (closed) normal sub-
group N of G we denote by N1/p the (closed) normal subgroup generated by the
set {x ∈ G | xp ∈ N}.
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2. p-Central p-groups of height k
Let p be a prime number, and let k be a positive integer satisfying k ≤ p − 1.
For a pro-p group P and an integer n we put
(2.1) λ(k)n (P ) =
{
P if n ≤ 1,
cl(λ
(k)
n−k(P )
p.[λ
(k)
n−1(P ), P ]) if n > 1,
where cl( ) denotes the closure operation. One has the following.
Proposition 2.1. Let P be a pro-p group, and let k ≤ p − 1. For m,n ≥ 1 one
has:
(a) [λ
(k)
n (P ), λ
(k)
m (P )] ≤ λ
(k)
m+n(P );
(b) λ
(k)
n (P )p ≤ λ
(k)
n+k(P );
(c) if k ≤ p− 2, then for x, y ∈ λ
(k)
n (P ), (xy)pλ
(k)
n+k+1(P ) = x
pypλ
(k)
n+k+1(P ).
In particular, (λ
(k)
n (P ))n≥1 is a descending p-central series. If k ≤ p− 2 the asso-
ciated graded object
(2.2) gr
(k)
• (P ) =
∐
n≥1λ
(k)
n (P )/λ
(k)
n+1(P )
carries naturally the structure of a graded Fp[t•]-Lie algebra with t• being homoge-
neous of degree k.
Proof. (a) and (b) follow from a similar argument as in [8, Lemma 4.6]. By [12,
Chap. III, Theorem 9.4], one has
(2.3) (xy)p ≡ xpyp (mod γ2(λ
(k)
n (P ))
pγp(λ
(k)
n (P ))).
By (a) and (b), γ2(λ
(k)
n (P ))pγp(λ
(k)
n (P )) ≤ λ
(k)
n+k+1(P ). This yields the claim. 
Note that for k = 1 the series (λ
(k)
n (P ))n≥1 coincides with the descending p-
central series of P . A finite p-group P is called of k-elementary p-length ℓ if
gr
(k)
ℓ (P ) 6= 0, but gr
(k)
ℓ+1(P ) = 0. In particular, a finite p-group P is of k-elementary
p-length ℓ, ℓ ≤ k, if, and only if, it is of exponent p and nilpotency class ℓ.
2.1. p-Central p-groups of small height. Let p be odd, let k ≤ p− 2, and let P
be a finite p-group. Then P is k-powerful if, and only if, t• : gr
(k)
• (P ) → gr
(k)
•+k(P )
is surjective. A weak form of injectivity of the mapping t• has the following conse-
quence.
Proposition 2.2. Let P be a finite p-group of k-elementary p-length ℓ, k ≤ p− 2,
and assume that ts : gr
(k)
s (P )→ gr
(k)
s+k(P ) is injective for s < ℓ− k + 1. Then P is
p-central of height k.
Proof. By hypothesis, one has λ
(k)
ℓ−k+1(P ) ≤ ζk(P ), and every element of order p
must be contained in λ
(k)
ℓ−k+1(P ). 
Example 2.1. Let k ≤ p− 2.
(a) Let F be a finitely generated free pro-p group. Then Proposition 2.2 implies
that for any m ≥ 1 the finite p-group Pm = F/λ
(k)
m+k(F ) is p-central of height k.
(b) Let Q be a finitely generated torsion-free k-powerful pro-p group. Then Propo-
sition 2.2 shows that Q/λ
(k)
m+k(Q) is a finite p-central p-group of height k. In par-
ticular, if Q is a finitely generated uniformly powerful pro-p group, then Q/Qp
m+1
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is a finite p-central p-group. This result can also be obtained from the theory of
powerful groups. (see [6].)
(c) Let M be a finite Zp-module. It is straight forward to check that
(2.4) PL(M) = { idM +p.α | α ∈ EndZp(M) }.
is a p-central p-group. For p odd it is also powerful.
(d) For n ≥ 2 let P be a Sylow pro-p subgroup of SLn(Zp), and for m ≥ 1 let Km
denote the kernel of the canonical homomorphism SLn(Zp)→ SLn(Zp/p
m.Zp), i.e.,
Km is just the m
th-congruence subgroup.
Suppose that p > n+ 1. Then P is torsion-free. Moreover, one has
(2.5) γn+1(P ) ≤ P
p,
i.e., P is n-powerful and thus potent. This fact can be used to show that for
Pm = P/Km+1 one has
(2.6) Ω1(Pm) = Km/Km+1.
In particular, Pm is p-central of height 2n− 1.
2.2. Homomorphic images of p-central pro-p groups of height k. The fol-
lowing power-commutator relations are well-known.
Lemma 2.3. Let P be a pro-p group, and let N be a closed normal subgroup of P .
If N = 〈X〉 then
(2.7) [N,(r) P ]
p ≤ [P (N),(r) P ][N,(r+p−1) P ],
where P (N) = 〈xp | x ∈ X 〉G. In particular, for i ≥ 1 one has
(2.8) [Ωi(P ),(r) P ]
p ≤ [Ωi−1(P ),(r) P ] [Ωi(P ),(r+p−1) P ].
Proof. See Theorem 2.7 of [8]. 
Theorem B can be deduced from Lemma 2.3 as follows.
Proof of Theorem B. By induction, it suffices to prove the theorem for j = 1. Let
T be the torsion subgroup. By hypothesis, T is closed and nilpotent. Moreover,
there exists m > 0 such that [T,(m) P ] = 1.
As the nilpotence class of Ω1(P ) is bounded by p−1, Ω1(P ) = { x ∈ P | x
p = 1 }
(see [10]). In order to show that P/Ω1(P ) is p
i-central of height k it suffices to
show that for all r ≥ k, [Ωi+1(P ),(r) P ] ≤ Ω1(P ). As the claim certainly holds for
r ≥ m, we proceed by reverse induction on r < m. Suppose that the assumption is
true for r + 1 ≤ m.
(1) If k ≤ p− 2, then by Lemma 2.3 and induction
(2.9) [Ωi+1(P ),(r) P ]
p ≤ [Ωi(P ),(r) P ][Ωi+1(P ),(r+p−1) P ] ≤ [Ω1(P ),(p−2) P ] = 1.
Hence [Ωi+1(P ),(r) P ] ≤ Ω1(P ).
(2) If k = p− 1 and i ≥ 2 the same argument as in (2.9) yields
(2.10) [Ωi+1(P ),(r) P ]
p ≤ Ω1(P ) ∩ Z(P ).
Hence [Ωi+1(P ),(r) P ] ≤ Ω2(P ), and therefore
(2.11) [Ωi+1(P ),(r) P ]
p ≤ [Ωi(P ),(r) P ][Ωi+1(P ),(r+p−1) P ] ≤ [Ω2(P ),(p−1) P ] = 1.
Thus [Ωi+1(P ),(r) P ] ≤ Ω1(P ), and this yields the claim. 
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The following example shows that the hypothesis in Theorem B on the finiteness
of the subgroup generated by torsion elements cannot be removed.
Example 2.2. Let p be odd, let Cpi+1 be the cyclic group of order p
i+1, i ≥ 1, and
let A denote its canonical homomorphic image of order p. Let M = Zp[A]/Zp.∆,
where ∆ =
∑
a∈A a. The semi-direct product P = Cpi+1 ⋉M , with the canonical
action of Cpi+1 on M , is a p-adic analytic pro-p group which is p
i-central. However,
P/Ωi(P ) is not p-central. If c ∈ Cpi+1 is a generator and a ∈ M , then c.a is an
element of order pi+1. Hence the closed subgroup of P generated by all torsion
elements is the entire group P .
Theorem B can be applied also to certain families of p-central pro-p groups.
Corollary 2.4. Let P be a pi-central p-adic analytic pro-p group of height k such
that γh(p−1)(P ) ≤ γi(P )
pj with h(p − 1) < j(p − 1) + i. Then P/Ωj(P ) is also a
pi-central pro-p group of height k and Ωj(P ) = { x ∈ P | x
pj = 1 }.
Proof. By [8, Thm. 4.8], the torsion elements of P form a finite p-group. Thus
Theorem B yields the claim. 
Remark 2.5. Let p be odd, and let P be a p-central p-group of height k, k ≤ p−2.
We say that P has the Ω1-extension property if there exists a finite p-central p-group
Q of height k such that P ≃ Q/Ω1(Q). It can be shown that all p-groups
3 described
in Example 2.1 have this property. However, there are examples of p-central groups
which do not have this property. For p-central p-groups of height 1 this property
has a strong impact on the structure of the Fp-cohomology algebra H
•(P,Fp) (see
[23]). It is very likely that this is also the case for p-central p-groups of height larger
than 1 but less than p− 2.
2.3. Bounding the index of the agemo subgroup. For a finite p-group P we
define the following series of characteristic subgroups:
(2.12) Mn(P ) =


[Ω1(P ),(p−n−1) P ] if n ≤ p− 1,
Mn−p+1(P )
1/p otherwise.
It is easy to check that Mn+1(P ) ≥Mn(P ). For n < 0 we put Mn(P ) = 1. If P is
a p-central p-group of height p − 2 (resp. a p2-central group of height p − 1) this
series has the following properties.
Proposition 2.6. Let p be odd, let P be a finite p-central p-group of height p− 2
(resp. a p2-central group of height p−1), and let n ≥ 0. Then one has the following:
(a) P/Mn(P ) is a p-central group of height p − 2 (resp. a p
2-central group of
height p− 1).
(b) [Mn(P ), P ] ≤Mn−1(P ).
(c) Mn(P )
p ≤Mn−p+1(P ).
(d) If x ∈Mn(P ), y ∈Mm(P ) and n ≥ m, then
(2.13) (xy)p ≡ xpyp (mod Mm−p(P )).
3In Example 2.1(d) one has to require that n ≤ (p − 1)/2.
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Proof. (a) We restrict our considerations to the case when P is p-central of height
p− 2. The case when P is p2-central of height p− 1 follows by a similar argument
(see proof of Theorem B).
By Theorem B, it suffices to prove the statement for n ≤ p − 1. Hence one has
to show that for 1 ≤ s ≤ p− 1 and r ≥ p− 2− s,
(2.14) [[Ω1(P ),(s) P ]
1/p,(r) P ] ≤ Ω1(P ).
We proceed by reverse induction on r. For r large, (2.14) is certainly true. Suppose
that (2.14) is true for r + 1. Then, by Lemma 2.3,
(2.15)
[[Ω1(P ),(s) P ]
1/p,(r) P ]
p ≤ [Ω1(P ),(s+r) P ][[Ω1(P ),(s) P ]
1/p,(r+p−1) P ]
≤ [Ω1(P ),(p−2) P ] = 1.
Hence [[Ω1(P ),(s) P ]
1/p,(r) P ] ≤ Ω1(P ), and this yields the claim.
(b) We may assume that n ≥ p − 1, and proceed by induction on n. By (a) and
induction, one has
(2.16)
[Mn(P ), P ]
p
= [Mn−p+1(P )
1/p, P ]p ≤ [Mn−p+1(P ), P ][Mn−p+1(P )
1/p,(p) P ]
≤Mn−p(P ) [Mn−p+1, P ] =Mn−p(P ).
Hence [Mn(P ), P ] ≤Mn−1(P ).
(c) is obvious.
(d) By the Hall-Petrescu formula (see [12, Theorem 9.4]) one has
(2.17) (xy)p ≡ xpyp (mod [Mm(P ), P ]
p[Mm(P ),(p−1) P ]).
Thus if m ≤ p − 1 there is nothing to prove. Let m > p − 1. Then Mm(P ) =
Mm−p+1(P )
1/p, and by (a),
(2.18)
[Mm(P ),(p−1) P ] = [Mm−p+1(P )
1/p,(p−1) P ] = [Mm−p+1(P ), P ] =Mm−p(P ).
Hence, (b) and (c) yield the claim. 
Proof of Theorem C. Letm•(P ) =
∐
n∈NMn+1(P )/Mn(P ). By Proposition 2.6(d),
t• : m•(P ) → m•(P ), tn(xMn−1(P )) = x
pMn−p(P ), is a well-defined, Fp-linear
mapping of graded Fp vector spaces of degree 1− p. Thus m•(P ) is a graded Fp[t•]
module. Moreover, by construction of the series (Mn(P ))n≥0, one has
(2.19) Ann(t•) = m(p−1)(P ) =
∐
0≤n≤p−2Mn+1(P )/Mn(P ).
For any subgroup Q of P we put m•(Q) =
∐
n∈N(Q ∩Mn+1(P ))Mn(P )/Mn(P ).
Hence by (2.19), Ann(t•) = m•(Ω1(P )). On the other hand one has
(2.20) t•.M(P ) =
∐
n∈NMn+p(P )
pMn(P )/Mn(P )
and
(2.21) m•(P
p) =
∐
n∈N(P
p ∩Mn+1(P ))Mn(P )/Mn(P ).
As Mn+p(P )
p ≤ P p ∩Mn+1(P ), one has
(2.22) |P : P p| = |m•(P ) : m•(P
p)| ≤ |m•(P ) : t•.m•(P )| = |Ann(t•)| = |Ω1(P )|.
Moreover, if P p = { xp | x ∈ P }, then P p∩Mn+1(P ) =Mn+p(P )
p. Hence equality
holds in (2.22). 
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3. Fusion of elementary abelian p-subgroups and F -isomorphisms of
mod-p cohomology rings
Throughout this section we fix a prime number p.
3.1. The mod p cohomology ring of a finite group. Recall that an N0-graded
Fp-algebra A• is called anti-commutative, if for a ∈ An, b ∈ Am, n,m ≥ 0 one has
(3.1) b · a = (−1)n·ma · b.
Such an Fp-algebra is called connected, if A0 = Fp.1A. For a finite group G the
cohomology algebra
(3.2) H•(G) = H•(G,Fp)
is a finitely generated, connected, anti-commutative, N0-graded Fp-algebra.
Let α• : A• → B• be a homomorphism of finitely generated, connected, anti-
commutative, N0-graded Fp-algebras. Then α• is called an F -isomorphism, if
ker(α•) is nilpotent, and for all b ∈ Bn, there exists k ∈ N0 such that b
pk ∈ im(α•).
If S is a subgroup of the finite group G, then
(3.3) resGS : H
•(G) −→ H•(S)
is a homomorphism of finitely generated, connected, anti-commutative, N0-graded
Fp-algebras.
3.2. Quillen stratification. Let G be a finite group. Let CG denote the category
the objects of which are elementary p-abelian subgroups of G and morphisms are
given by conjugation, i.e., for E,E′ ∈ ob(CG) one has
(3.4) morG(E,E
′) = { ig : E → E
′ | g ∈ G, g E g−1 ≤ E′ },
where ig(e) = g e g
−1, e ∈ E. Then
(3.5) H•(CG) = lim←−CG
H•(E)
is a finitely generated, connected, anti-commutative, N0-graded Fp-algebra. More-
over, the restriction maps resGE yield a map
(3.6) qG =
∏
E∈ob(CG)
resGE : H
•(G) −→ H•(CG).
Although it is quite difficult to determine the explicit structure of the mod p co-
homology algebra H•(G) for a given finite group G, one knows its structure up
to F -isomorphism thanks to the following remarkable result of D. Quillen which is
also known as Quillen stratification (see [1, Cor. 5.6.4], [19]).
Theorem 3.1 (D. Quillen). Let G be a finite group. Then qG : H
•(G) → H•(CG)
is an F -isomorphism.
3.3. Quillen stratification and fusion. Let H be a subgroup of the finite group
G containing a Sylow p-subgroup of G which controls fusion of elementary abelian
p-subgroups. Then the canonical embedding functor
(3.7) jH,G : CH −→ CG
is an equivalence of categories. Thus H•(jH,G) : H
•(CG) → H
•(CH) is an isomor-
phism of connected, anti-commutative, N0-graded Fp-algebras. Thus from Theo-
rem 3.1 one concludes the following property which can be seen as a weak version
of G. Mislin’s result (see [17]).
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Proposition 3.2. Let H be a subgroup of the finite group G containing a Sylow
p-subgroup of G which controls fusion of elementary abelian p-subgroups. Then
resGS : H
•(G)→ H•(H) is an F -isomorphism.
Proof. This is a direct consequence of the commutative diagram
(3.8) H•(G)
resGH

qG // H•(CG)
H•(jH,G)

H•(H)
qH // H•(CH)
and the previously mentioned remark. 
3.4. Quillen’s p-nilpotency criterion. In [18], D. Quillen has shown the follow-
ing.
Theorem 3.3 (D. Quillen). Let G be a finite group, let p be odd, and let P be a
Sylow p-subgroup of G. Then G is p-nilpotent if, and only if, resGP : H
•(G)→ H•(P )
is an F -isomorphism.
Remark 3.4. (a) Let G be a finite group, and let P be a Sylow p-subgroup.
By a result of J. Tate (see [20]), G is p-nilpotent if, and only if, resGP : H
•(G) →
H•(P ) is an isomorphism. Every isomorphism of finitely generated, connected,
anti-commutative, N0-graded Fp-algebras is in particular also an F -isomorphism.
Hence Theorem 3.3 can be seen as a generalization of J. Tate’s nilpotency criterion
for p odd.
(b) Let p be odd. LetG be a finite group, and let P ∈ Sylp(G). From Proposition 3.2
and Theorem 3.3 one concludes thatG is p-nilpotent if, and only if, P controls fusion
of elementary abelian p-subgroups.
3.5. Finite p-central groups of height k. For finite p-central groups of height
k one has the following fundamental property.
Proposition 3.5. Let G be a finite p-central group of height k, k ≥ 1, and let P
be a Sylow p-subgroup of G. Then for any elementary p-abelian subgroup E of G,
one has
(3.9) G = P.CentG(E).
Proof. The subgroup Ω1(G, p) is nilpotent of class at most k, and therefore a finite
p-group. Let pe be the exponent of Ω1(G, p). By the Hall-Petrescu collection
formula (see [8, Theorem 2.1]), for any y ∈ Ω1(G, p) and x ∈ G one has
(3.10) [y, xp
e+k
] ∈
∏
0≤i≤e+k
[Ω1(G, p),(pi)G]
pe+k−i = {1}.
In particular, Gp
e+k
≤ CentG(Ω1(G)). Moreover, for any Sylow p-subgroup P of
G one has G = P.Gp
e+k
. Since every elementary p-abelian subgroup E of G is
contained in Ω1(G, p), this yields the claim. 
Proof of Theorem A. Let G be a finite p-central group of height k, p odd. By
Proposition 3.5, P controls fusion of elementary abelian p-subgroups. Then Propo-
sition 3.2 and Theorem 3.3 yield the claim. 
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4. Finite p-groups which determine p-nilpotency locally
Let p be an odd prime number. For m ≥ 1 we denote by Cpm the cyclic group
of order pm. Let Yp(1) = Cp ≀ Cp denote the regular wreath product, and let
β : Cp ≀ Cp → Cp denote the canonical homomorphism with elementary abelian
kernel. By Yp(m), m ≥ 1, we denote the finite p-group which is the pull-back of
the diagram
(4.1) Cpm // Cp
Yp(m) //___
OO


Cp ≀Cp
β
OO
In [24] it was shown that every finite p-group P not containing subgroups isomorphic
to Yp(m), m ≥ 1, determines p-nilpotency locally. As a consequence we obtain the
following result.
Theorem 4.1. Let p be odd, and let P be a finite p-central p-group of height p− 1.
Then P does not contain subgroups isomorphic to Yp(m) for some m ≥ 1. In
particular, P determines p-nilpotency locally.
Proof. Suppose P contains a subgroup isomorphic to Yp(m), m ≥ 1. This implies
that Yp(m) is p-central of height p− 1, a contradiction. 
5. Semi-simple modules for finite p-soluble groups
Let p be a prime number, and let Fq, q = p
f , denote the finite field with q
elements. Then there exists a unique unramified extension Qq/Qp of the p-adic
numbers of degree f . Moreover, Zq = intQq (Zq) is a complete discrete valuation
domain with maximal ideal p.Zq and residue field isomorphic to Fq.
For a finite group G we will call a finitely generated left Zq[G]-module L a left
Zq[G]-lattice, if it is also a free Zq-module.
The purpose of this section is to translate I. M. Isaacs version (see [13], [14])
of the Fong-Swan-Rukolaine theorem (see [5, Thm. 22.1]) in a module theoretic
way (see Thm. 5.1). Using results of P. H. Tiep and A. E. Zalesskii one can then
describe the size of a Jordan block of an element of order p in a p-soluble group
G on any finite semi-simple left Fq[G]-module (see Cor. 5.2). This description will
allow us to establish a sufficient criterion for the normality of a Sylow p-subgroup
in a finite p-soluble group provided p is odd (see Lemma 5.3).
5.1. The Fong-Swan-Rukolaine theorem. The following theorem can be seen
as a module theoretic version of I. M. Isaacs version of the Fong-Swan-Rukolaine
theorem.
Theorem 5.1. Let G be a finite p-soluble group, let E be a finite field of character-
istic p and let M be an absolutely irreducible left E[G]-module. Then there exists a
finite extension Fq/E of E and a left Zq[G]-lattice L with the following properties:
(i) L/p.L ≃M ⊗E Fq;
(ii) L⊗Zq Qq is an absolutely irreducible left Qq[G]-module.
Proof. Let E¯ denote an algebraic closure of E, let Q¯p denote an algebraic closure
of Qp, and let Q
un
p denote the maximal unramified extension of Qp in Q¯p. Let χ¯M
denote the Brauer character ofM⊗E E¯. By [13] and [14], there exists an irreducible
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left Q¯p[G]-module V such that the restriction of its character to p-regular conjugacy
classes of G agrees with χ¯M , and all its character values are contained in Q
un
p . Then
by [22, Lemma 3.3], there exists a finite unramified extension Qq/Qp of Qp and an
absolutely irreducible left Qq[G]-module W such that V ≃ W ⊗Qq Q¯p. We may
assume that Fq contains E. Let L < W be a full left Zq[G]-lattice contained in
W . Then by construction L/p.L ≃ M ⊗Fq E, and L ⊗Zq Qq ≃ W . This yields the
claim. 
From [22, Lemma 3.1] one concludes the following corollary.
Corollary 5.2. Let G be a finite p-soluble group, let M be a finite semi-simple
Fq[G]-module, and let φ : G → EndFq (M) be the representation associated to M .
Then for every element g ∈ G of order p the size of a Jordan block of φ(g) is either
1, p− 1 or p.
Corollary 5.2 can be translated into a group theoretic context as follows:
Lemma 5.3. Let G be a finite p-soluble group, p 6= 2, and let P ∈ Sylp(G). Let
M be a finitely generated Fp[G]-module, and let φM : G → GLFp(M) denote the
associated representation. Assume further that
(i) ker(φM ) ≤ Op(G);
(ii) for all g ∈ P , (φM (g)− idM )
p−2 = 0.
Then P = ker(φM ); in particular, P is normal in G.
Proof. Let π : M →M ss denote the semi-simplification of the Fp[G]-moduleM , and
let φMss : G → GLFp(M
ss) denote the associated Fp-linear representation. By (i),
ker(φM ) is a normal p-subgroup. Let φ˜M : Fp[G] → EndFp(M) denote the associ-
ated homomorphism of Fp-algebras. Then
(5.1) ker(φMss )/ ker(φM ) ≤ idM +Jac(im(φ˜M )),
where Jac( ) denotes the Jacobson radical. In particular, ker(φMss)/ ker(φM ) is a
p-group, and thus ker(φMss) is a normal p-subgroup of G.
Let g ∈ P ◦ = φMss(P ) be an element satisfying g
p = 1. Since φMss(G) is p-
soluble and as M ss is a semi-simple left Fp[φMss(G)]-module, Corollary 5.2 implies
that a Jordan block of g must have length 1, p− 1 or p. Hypothesis (ii) yields that
(g − 1)p−2 = 0 ∈ EndFp(M
ss). Thus every Jordan block of g must have size 1; i.e.,
g = 1. Therefore, P ◦ = {1}, and this yields the claim. 
5.2. The sandwich theorem. Let G be a finite group. By Op′,p(G) we denote
the normal subgroup of G containing Op′(G) and satisfying
(5.2) Op′,p(G)/Op′(G) = Op(G/Op′(G)).
Similarly, we denote by Op′,p,p′(G) the normal subgroup of G containing Op′,p(G)
such that
(5.3) Op′,p,p′(G)/Op′,p(G) = Op′(G/Op′,p(G)).
The finite group G will be called a p′pp′-sandwich group, if G = Op′,p,p′(G). Note
that a p′pp′-sandwich group is p-soluble. One has the following property.
Proposition 5.4. Let G be a finite p′pp′-sandwich group, and let P ∈ Sylp(G).
Then NG(P ) controls p-fusion in G.
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Proof. Let Q = Op′,p(G) and M = Op′(G); in particular, P ≤ Q. The Frattini
argument yields that G = Q.NG(P ) = M.NG(P ). Put M◦ = M ∩ NG(P ). Then
one has a commutative diagram of finite groups
(5.4) NG(P )
β &&MM
MM
MM
MM
MM
α // G
γ
zzuu
uu
uu
uu
uu
NG(P )/M◦
and thus also a commutative diagram of homomorphism of Fp-algebras
(5.5) H•(NG(P ),Fp) H
•(G,Fp)
H•(α)oo
H•(NG(P )/M◦,Fp)
H•(β)
iiSSSSSSSSSSSSSS H•(γ)
66mmmmmmmmmmmmm
Since H•(β) and H•(γ) are inflation mappings with respect to normal subgroups
of p′-order, H•(β) and H•(γ) are isomorphisms. Hence H•(α) = resGNG(P ) is an
isomorphism. Thus by G. Mislin’s theorem (see [17]), NG(P ) controls p-fusion in
G. 
The following lemma will turn out to be useful for our purpose.
Lemma 5.5. Let p be an odd prime, and let G be a finite p-soluble group. Assume
further that Op′(G) = {1}, Op(G) 6= {1}, and that Ω1(Op(G)) is of exponent p.
Then CentG(Ω1(Op(G)) ≤ Op(G).
Proof. Put Ω = Ω1(Op(G)) and C = CentG(Ω). Then Op(C) ≤ Op(G), and
therefore Ω1(Op(C)) ≤ Ω. Thus Ω1(Op(C)) ≤ Z(Ω), and Op(C) is a non-trivial p-
central normal subgroup ofG. LetM be the characteristic subgroup of C containing
Op(C) such that M/Op(C) = Op′(C/Op(C)). Let H ≤M be a p
′-Hall subgroup of
M . Then H is acting trivially on Ω1(Op(C)), and thus on Op(C) (see [12, Kap. IV,
Satz 5.12]). In particular, [H,Op(C)] = {1}, and therefore H = Op′(M). Hence, as
Op′(G) = {1}, H = {1}, and C = Op(C). This yields the claim. 
Theorem 5.6. Let p be odd, and let G be a finite p-soluble group containing a
Sylow p-subgroup P ∈ Sylp(G) which is p-central of height p− 2. Then P.Op′(G) is
normal in G. In particular, G is a p′pp′-sandwich group.
Proof. We may assume that Op′ (G) = {1} and Op(G) 6= {1}. Let Ω = Ω1(Op(G)).
Since P is p-central of height p − 2, Ω is of exponent p. Thus by Lemma 5.5, one
has CentG(Ω) ≤ Op(G).
Let M = gr
(1)
• (Ω) denote the graded Fp[G]-module associated to the descending
p-central series of Ω (see (2.2)), and let φM : G −→ GLFp(M) denote the associated
representation for G. Let g ∈ ker(φ(M)) be an element of order co-prime to p.
Then g ∈ CentG(Ω) ≤ Op(G). Hence g = 1, and ker(φM ) ≤ Op(G). As P is
p-central of height p − 2, one has for g ∈ P that (φM (g) − idM )
p−2 = 0. Hence
ker(φM ) = P by Lemma 5.3. This yields the claim. 
From Theorem 5.6 and Proposition 5.4 one concludes the following consequence
which can be seen an analogue of J. The´venaz’s result.
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Corollary 5.7. Let p be odd, and let G be a finite p-solvable group, for which
P ∈ Sylp(G) is p-central of height p− 2. Then NG(P ) controls p-fusion in G.
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